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Abstract. This paper develops a practical algorithm to compute the
competitive-equilibrium prices at which Strong Substitutes Product-Mix
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find equilibrium, in practical applications. Our experiments show that
this method is computationally faster than a standard steepest-descent
algorithm in many realistic settings.
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Introduction

Auctions that allocate multiple units of multiple differentiated goods at
competitive-equilibrium prices, and so maximise social surplus rather than auctioneer’s profit, are an important tool for achieving better social outcomes. This
paper develops a practical algorithm to compute the competitive-equilibrium
prices at which Strong Substitutes Product-Mix Auctions (SSPMAs) allocate
goods. By taking advantage of the economic structure of the problem, we significantly improve on existing algorithms’ run times, in realistic settings.
Participants in SSPMAs make bids that express “strong-substitutes” preferences for multiple units of multiple, differentiated, indivisible goods. Strongsubstitutes preferences are those that would be ordinary substitutes preferences
if every unit of every good were treated as a separate good [21]. They are an
extension of gross-substitutes [15] from single-unit to multi-unit, multi-item markets, and are equivalent to M \ -concavity [11, 22, 26]. They have many attractive
properties. In particular, all agents having strong-substitutes preferences is a sufficient condition for the existence of competitive equilibrium prices in markets
with indivisible goods.
Furthermore, even though strong substitutes are a small subset of the set
of all possible valuation functions of a bidder, they are practically relevant for
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various applications such as auctions used by the Bank of England [16]. So a
significant amount of theoretical literature has been devoted to markets where
participants have these valuations [1, 6, 18, 23].
Importantly, the SSPMA bidding language permits the specification of precisely the set of preferences that are strong substitutes, and indeed is the only
language that is known to do this. As we will see, it is also parsimonious, or
“compact”, in that many valuations can be expressed using only a small number
of simple bids.3 Finally, it expresses valuations in a natural way, which can be
understood and analysed geometrically.
1.1

The Strong Substitutes Product-Mix Auction

The SSPMA was developed by [16] for the Bank of England to provide liquidity
to financial institutions by auctioning loans to them. Each bidder makes a set of
bids, each of which is a vector b = (b1 , ..., bn ), together with an integer weight
w(b). Each bidder’s set of bids is interpreted as specifying a quasi-linear utility
function over multiple units of each of n goods plus money. A bid in which
w(b) > 0 (a “positive” bid) is simply interpreted as a bid for up to, but not more
than, w(b) units, in total, of the goods i = 1, .., n, in which the expressed value
of receiving xi units of good i is xi · bi . Bids in which w(b) < 0 (“negative” bids)
are interpreted as “cancellation” bids that cancel part of the demand created
by positive bids. But this means that all bids can be treated by the auctioneer
in exactly the same way: a bid is accepted whenever at least one of its prices
exceeds the corresponding auction price and, if it is accepted, then it is allocated
the good on which its price exceeds the corresponding auction price by most.4
The following example from [16, 17] demonstrates the potential usefulness of
negative bids in the context of auctions of the type run by the Bank of England:
Example 1. A bidder might be interested in $100 million weak collateral at up to
7% interest rate (i.e., the bid price), and $80 million strong at up to 5% interest
rate. However, even if prices are high, the bidder wants an absolute minimum
of $40 million (see Figure 1). This can be implemented by making all of the
following four bids, if negative bids are permitted:
I $40 million of weak at maximum permitted bid k OR strong at maximum
permitted bid less 2% (k − 2).
II $100 million of weak at 7%.
III $80 million of strong at 5%.
IV minus $40 million of weak at 7% OR strong at 5%.
Note that the bids lead to an arrangement of hyperplanes, at each of which
the agent is indifferent among more than one bundle. Bids (II) and (III) together
3
4

See [12] for a discussion of compactness.
Note that negative dot bids cannot be understood as offers to sell– an offer to sell
would be accepted whenever its price is sufficiently low, whilst a negative bid cancels
a purchase whenever one of its prices is sufficiently high.
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Fig. 1. Example of using a negative bid in the Product-Mix auction.

generate the demand shown in the three quadrants to the left of (7, 0) and/or
below (0, 5), but would on their own imply zero demand in the top right quadrant. Adding the high positive bid, (I), at (k, k − 2), in which k is the maximum
permitted bid on either good, would add demand of $40 million of weak everywhere above the 45 deg diagonal line through (2, 0), and $40 million of strong
everywhere below this line; the negative bid, (IV), at (7, 5) then cancels this bid
everywhere to the left of, and below, (7, 5).
Preferences of the kind illustrated in Example 1 are very natural for a
liquidity-constrained bidder, but cannot be accurately represented without the
use of a negative bid.5 However, with positive and negative bids, the bidding language can precisely represent any “strong substitutes” preferences.6 Importantly,

the number of bundles valued by a collection of bids over n goods is n+M
, in
n
which M is the maximum number of units that the bidder is interested in buying (see Proposition 3 in the Appendix), so expressing valuations with SSPMA
bids is much more compact than listing valuations explicitly as assumed in [9]
or subsequent literature; we know of no other compact bid language that can
express every strong substitute valuation. For all these reasons, the SSPMA is a
natural choice for applications.
5

6

One way to understand a negative bid for a unit is that it is the highest price at
which you would cancel a bid for one unit. Reducing your purchases only at low
prices makes no sense on its own. However, in two dimensions for example, it does
make sense in conjunction with a positive bid north-east of the negative bid which
gives higher prices at which you would buy (and that the negative bid therefore
cancels when prices are low) and also other bids to the west and south of it, at least
one of which is accepted when the cancellation operates (and without which there
would be no reason for the cancellation).
[17] stated this result for the case of multiple units of each of two goods. [2] and
[5] show the general result, and also show that any preferences represented by this
language that are valid (i.e., more money is always weakly preferred to less) must
be strong substitutes.
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To make practical use of SSPMAs, however, requires that we can find competitive equilibrium prices among participants using the bid language.7 That is,
given the collection of the sets of bids made by all the participants, we need
to be able to find a price vector at which any given quantity vector of goods is
exactly demanded. Specifically, we want to find the lowest such price vector.8
If all the bids are positive, the competitive equilibrium price vectors are
just the shadow price vectors in the solution to a simple linear program, more
specifically a network flow problem, in which the number of variables is linear in
the number of bids and distinct goods. The reason is that competitive equilibrium
maximises social surplus in our setting, so the relevant linear program allocates
the bids among participants to maximise the sum of their surpluses, subject
to allocating exactly the available supply.9 With negative bids, however, the
allocation problem cannot be modeled with only a single linear program, and
the computation of prices is then more challenging.
1.2

Our Contribution

Our paper solves the pricing problem in the SSPMA. Although [4] have previously shown that a standard steepest-descent algorithm based on the Lyapunov
function (following [23], etc.) can solve the problem, their method takes only
limited advantage of the special features of the geometric representation.10 The
current paper provides a more economic and direct way of solving the pricing
problem; by taking fuller advantage of the structure of the problem, we find an
algorithm that is likely to be much faster for solving the problems that are likely
to arise in practise.
We introduce the SSPMA language by providing an equivalence results for
different mathematical formulations of the pricing problem in the presence of
strong substitutes valuations, and we illustrate the power of the language via a
notorious example of strong substitutes by [25] that earlier bid languages could
not represent. We interpret the negative bids via Minkowski differences, which
7

8

9

10

Participants in a Product-Mix auction simultaneously make sets of bids that express their preferences. The auction then finds competitive equilibrium, assuming
that all the expressed preferences are accurate, and allocates each participant its
competitive-equilibrium allocation at the competitive-equilibrium prices. If there
are multiple equilibria, the auction chooses the best one for buyers (this is uniquely
defined when all participants express substitutes preferences); ties between can be
broken arbitrarily (since participants who express their preferences accurately are
indifferent) [16, 17].
Since all bidders express strong substitutes preferences, there exist market-clearing
price vector(s), and also a unique one among them at which every good’s price is
lowest.
This is the solution method currently used by the Bank of England’s Product-Mix
program, which does not allow bidders to use negative bids.
[4]’s demonstration of how to allocate the aggregate supply among the individual
bidders at the competitive-equilibrium price vector makes more use of the special
structure of the dot-bid representation.
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gives insight into the geometric structure of strong substitutes. We also provide
a proposition demonstrating the compactness of the language.
We show that minimizing the difference between the maximum social surpluses attained by solving certain pairs of allocation problems—each of which
is a simple problem–provides the information we need to compute the equilibrium prices. Specifically, the correct quantity of negative bids, s, accepted by the
auctioneer minimises the difference between the objective function of the linear
program that would be solved to allocate the available supply increased by s if
only the positive bids were available (we call this the “positive program”), and
the objective of a corresponding linear program that would be solved to allocate
a quantity of s using only the negative bids (the “negative program”). Moreover,
the competitive equilibrium price vectors are the shadow price vectors for the
positive program for this value of s.11 We prove these results by showing that
minimizing the difference between the positive and negative programs is dual to
minimizing a Lyapunov function L(p). More precisely, we show that the TolandSinger dual of L(p) is the minimum difference between the positive and negative
linear programs.
Minimizing the difference between two M \ -convex functions is in general N P hard [20]: the difference between the positive and negative programs is neither
convex nor concave. However, this specific problem can be solved in polynomial
time, as is clear from the relationship to the Lyapunov function. And this means
we can develop a fast auction algorithm to solve the SSPMA based on the difference between the programs. Our algorithm draws on DC (difference of convex
functions) programming.
Our use of the SSPMA language contrasts with the extensive literature on
computing competitive equilibria that, unlike our work, requires using value
oracles for exponentially many bundles. See, for example, [23], [1], [24], [19], and
[18].
The steepest descent algorithm in [4] that minimizes the corresponding Lyapunov function also use the SSPMA language. So we compare our algorithm
with theirs. Steepest descent algorithms are known to run in polynomial time,
but our experiments show that differences in the runtimes are negligible for large
environments with comparable numbers of positive and negative bids. However,
realistic uses of the auction are likely to involve very large numbers of positive
bids, but much smaller numbers of negative bids used for special situations such
as those illustrated in Example 1. In these cases, our algorithm is very much
faster than the one of [4]: because there are only a very small number of possible
quantities of negative bids that might possibly be accepted, there are only a very
small number of pairs of linear programs that our algorithm may need to solve
(and these linear programs are themselves simple network flow problems). By
contrast, the number of steps of the steepest descent algorithm is more closely
related to the total number of bids made, whether they are positive or negative.
11

These shadow price vectors are a subset (potentially a proper subset) of the shadow
price vectors for the negative program for this s.
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Outline

We proceed as follows. Section 2 introduces the SSPMA bidding language. We
show that it is a compact language that expresses all strong-substitutes valuations (and no other valuations) as the Minkowski difference of positive and
negative bids. We illustrate it by showing how it expresses a famous example that
other languages that express many strong-substitutes valuations cannot express.
Section 3 proves that the pricing problem can be solved by minimising the difference between the objectives of the two linear programs, by showing that this
is dual to minimising the Lyapunov function. Section 4 takes advantage of this
result to use “DC programming” (difference of convex functions programming)
to specify an algorithm to solve the problem, and uses numerical experiments to
compare our algorithm to a steepest-descent algorithm based on the Lyapunov
function. We show that although neither algorithm is always the faster one, our
algorithm is much faster in solving the cases that seem most likely to arise in
practical applications. Section 5 concludes.

2
2.1

The SSPMA Bid Language
Formal description of the Product-Mix language

In the SSPMA, every of the m bidders j ∈ {1, . . . m} can submit an arbitrary
amount of positive and negative bids. Each bid is a vector b = (b1 , . . . , bn ) ∈ Zn≥0
together with a weight w(b) ∈ Z\{0}. If w(b) > 0, we say that b is a positive bid,
otherwise it is a negative bid. With a bid b, the bidder expresses her willingness
to pay at most bi for one unit of good i, and the weight w(b) says - at least in
the case w(b) > 0 - that this bid should be allocated with at most w(b) goods.
Given a price vector p = (p1 , . . . , pn ) ∈ Rn , where pi describes the cost per unit
of good i, each bid is allocated with an amount of w(b) goods of type i, where i
maximises the difference bi −pi , if any of these differences is positive. If all of these
differences are negative, the bid is not allocated with any goods. At given prices
p, the bid b thus generates the indirect utility ub (p) = w(b) maxi∈{0,...,n} bi − pi
where i = 0 is a dummy good with b0 = 0 and p0 = 0. Note that in the case of
a negative bid, ub (p) ≤ 0. When describing the demand of a bid, special care
needs to be taken if there is more than on type of good maximising bi − pi , or
if the maximum value of this difference is exactly equal to 0. The bid may then
be allocated with any integral convex combination maximizing this difference.
This gives the following definition of the demand set of a bid.
Db (p) = (w(b) conv{ei : i maximises bi − pi }) ∩ Zn
Here ei is the standard unit vector for i ≥ 1, and e0 = 0. Given the set B of
all bids from all bidders,
the aggregate indirect utility is just the sum of indirect
P
utilities uB (p) =
u
b∈B b (p). The definition of the aggregate demand set is
simple in the case of only positive bids, but a bit more involvedPwhen there
are also negative bids. If all bids are positive, it is just DB (p) = b∈B Db (p)
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where the sum is the Minkowski sum of sets. If there are also negative bids,
the demand set can be defined in the following way: Given the price p, consider
all price vectors q in a small neighbourhood of p, such that their demand sets
Db (q) = {xb (q)} are singletons. Then define the aggregate demand set to be the
integral convex hull
(
)
X
DB (p) = conv
xB (q) : Db (q) = {xb (q)} ∩ Zn .
b∈B

The main problem we are dealing with in this paper is the following.
Definition 1 (Equilibrium pricing problem). Given the set B of all bids
from all bidders and a target supply vector t = (t1 , . . . , tn ), where ti describes
the number of goods of type i to be sold, find a price vector p ∈ Rn , such that s
is demanded at p: t ∈ DB (p). Such a price vector is called an equilibrium price.
Our approach of describing bidders’ preferences in terms of the indirect utility
is dual to the maybe more common one of describing preferences via valuations:
Each bidder has a valuation function vj : Zn≥0 → R, describing values vj (x)
for bundles x. At least for the case that B contains only positive bids, we can
naturally define the aggregate valuation of the target supply t as
(
)
n
n
XX
X
X
vB (t) = max
xib bi :
xib ≤ t ∧
xib ≤ w(b) .
b∈B i=1

b∈B

i=1

With this definition, the relations uB (p) = maxx∈Zn≥0 vB (x) − hp, xi and vB (t) =
minp∈Rn uB (p) + hp, ti hold. The latter equation also gives us a - however quite
indirect - way to define the valuation in the presence of negative bids. One of our
main results, which is also the starting point to our equilibrium pricing algorithm,
is a purely primal expression for the aggregate valuation in the presence of
negative bids (Theorem 1). One of the main features of the SSPMA is that it
always expresses strong substitutes valuations. Intuitively, this means that the
different kinds of goods are 1-to-1 substitutes for each other and in particular
there are no complementarities between goods.
Definition 2 (Strong Substitutes, [4]). A valuation v is ordinary substitutes, if for any price vectors p0 ≥ p with singleton demand sets Dv (p0 ) = {x0 },
Dv (p) = {x} we have x0k ≥ xk for all k with p0k = pk . v is strong substitutes, if,
when we consider every unit of every good to be a separate good, v is ordinary
substitutes.
Indeed, it can be proven that with the SSPMA, any strong substitutes valuation
can be expressed [2, 5]. Up to now, it is the only bidding language that provably
has this feature. The strong substitutes condition ensures that there is always a
solution to the equilibrium pricing problem - a fact that is not at all natural in particular if goods are indivisible.
Another important feature of the Product-Mix Auction is its intuitive geometrical meaning that we want to sketch shortly. For details, we refer to [7]. The
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collection B of bids induces a set of prices at which the aggregate demand is not
unique.
IB = {p : ∃0 ≤ i < j ≤ n : bi − pi = bj − pj is maximal} = {p : |DB (p)| > 1} .
From the definition of IB via linear equalities it is clear that IB consists of a
union of (half-) hyperplanes with normals in {ei − ej : 0 ≤ i < j ≤ n}. To each
of these hyperplanes H, we assign the following weight: Let p be an arbitrary
price in H. Define the weight w(H) of H to be the sum of weights of all bids
that are indifferent at p. If w(H) = 0, the bids “cancel”, and H is not drawn.
IB splits price space into multiple single demand regions (SDR) at which a
unique bundle is demanded. Now let p be a price vector in an SDR for which
the demand is known (for example, for p large, the demand is 0). If the price p
changes along a curve, and at some point crosses one of the hyperplanes H of
IB , the demand changes by w(H)n, where n is the normal of H pointing into
the opposite direction of the path. For an illustration, see Figure 2 This shows
that the graphical representation fully encodes the aggregate demand at every
SDR-price, and so - by taking convex hulls - at every price.
While positive bids may be placed arbitrarily, there is a natural restriction of how
negative bids may be placed: The negative bids must be placed in such a way,
that in the resulting collection of indifference hyperplanes, no hyperplane has a
negative weight. Intuitively this means, that when prices decrease, the demand
must not decrease at the same time. We call a collection of bids satisfying this
condition a valid combination of bids and assume from now on that our bid
collections are always valid.
Example 2. On the left hand side of Figure 2, we see a single positive bid b =
(2, 1) with weight 2. On the right, we see a collection of 3 bids with weight
1 at (3, 3), (1, 0) and (0, 1) and a bid with weight −1 at (1, 1). Note that all
indifference hyperplanes emanating from this negative bid are cancelled by other
hyperplanes. The demand at price (0.5, 0.5) can be determined by the curve γ.
Gamma starts at a high price where the demand is (0, 0). By inspecting the
crossings, we get that the demand at (0.5, 0.5) is 1 · (0, 1) + 1 · (1, −1) + 1(0, 1) =
(1, 1).

2.2

Expressiveness of the Product-Mix Auction

In the introduction we discussed that the Product-Mix auction provides a very
compact way to express any strong substitutes preferences. To illustrate the
expressive power of negative bids, we discuss the notorious example by [25],
which showed that prior bid languages such as the endowed assignment valuations by [13] are strictly less expressive than the set of gross substitutes (and so
also strong substitutes) valuations. We show that a combination of positive and
negative bids allows us to define these preferences.
Let G = (V, E) be an undirected graph with 4 vertices and 6 edges E =
{1, . . . , 6}, such that every vertex is connected to every other vertex by an edge
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Fig. 2. Left: Indifference hyperplanes of a single bid with weight 2. Right: Price complex of 3 positive and 1 negative bid. The vectors at the intersection points indicate
the correctly oriented normals of the hyperplanes with respect to the dashed curve γ.

(see Figure 4 in the appendix). A subset F of E is called independent, if it
contains no cycles. For F ⊆ E, the rank of F is the maximal cardinality of an
independent subset contained in F :
rank (F ) = max {|F 0 | : F 0 ⊆ F is independent} .

P
The rank function induces the valuation vr (x) = max r(F ) : i∈F ei ≤ x =
6
r ({i : xi ≥ 1}) for bundles x ∈ Z . It can be shown that vr is strong substitutes.
A central argument in [25] is that valuation functions represented by endowed assignment valuations satisfy a property called strong exchangability, which is not
satisfied by vr . Consequently, it is not possible to express vr by endowed assignment messages. We demonstrate however that this valuation can be expressed
via the Product-Mix auction with negative bids.

Proposition 1. The valuation function in [25] can be represented by 8 positive
and 6 negative SSPMA bids. Thus, the Product-Mix auction with positive and
negative bids is strictly more expressive than endowed assignment valuations.

3

The SSPMA Pricing Problem

With only positive bids, the equilibrium pricing problem (1) of the ProductMix auction can be solved via a simple linear program that maximizes the total
welfare given the target bundle t ∈ Zn . Recall from Section 2.1 that given the
collection B of all bids of all bidders, the aggregate valuation of bundle s is given
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- in LP notation - by
vB (s) = max

XX

bi xbi

b∈B i∈[n]

s.t.

X

xbi ≤ w(b) ∀b ∈ B

(πb )

xbi ≤ ti ∀i ∈ [n]

(pi )

i∈[n]

X
b∈B

xbi ≥ 0 ∀b ∈ B, i ∈ [n].
Here πb and pi denote the respective dual variables. Note that this program
always has an integral optimal solution by properties of strong-substitutes valuations. This can also be seen directly by noting that the above LP is an instance
of the min-cost flow problem. Note that the number of constraints and variables
is polynomial in the number of bids and goods, in contrast to the widely used
formulation of the winner determination problem by [9]. The set of equilibrium
prices can directly be computed via this linear program.
Proposition 2. In a Product-Mix auction with only positive bids, the set of
optimal dual variables p = (p1 , . . . , pn ) is equal to the set of equilibrium prices for
the target supply s. In particular, in the absence of negative bids, the equilibrium
pricing problem can be solved via a (network) linear program, which can be solved
in polynomial time in the number of goods and bids.
If B also contains negative bids, the problem of efficiently computing equilibrium prices is less obvious. One way to solve the problem is based on a so-called
Lyapunov function. This idea was introduced in [1]. Consider the aggregate indirect utility uB (p) as defined in Section 2.1 Define the Lyapunov function
L(p) = uB (p) + hp, si
for p ∈ Zn≥0 . It can be shown that the set of minimizers of L coincides with the
set of equilibrium prices, and structural properties of L allow for polynomialtime steepest descent algorithms to find these minima [4]. Note however that
this approach is quite generic and takes limited advantage of the particular
bidding language: The Lyapunov-approach also works under the much more
general assumption that a demand oracle is available - see for example [19]. While
minimizing L usually requires invoking a rather generic submodular function
minimization algorithm, in the case of positive bids only we can build upon
much more specialized algorithms to solve network linear programs. Also, the
question why it is required to jump from a “primal” welfare-maximization to a
“dual” Lyapunov-minimization approach as soon as negative bids are involved,
remains open.
However, we now show that taking advantage of the economic structure of
the problem allows us to develop an algorithm that is even faster for many cases
that are important in practice. Our algorithm builds on the LP-approach for the
positive bids case.
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Theorem 1. Given a collection B = B+ ∪B− of bids, where B+ are positive and
B− are negative, the aggregate valuation at the target supply t can be written as
vB (t) = min
vB+ (t + s) − v|B− | (s).
n
s∈Z≥0

Here, |B− | denotes the set of bids b ∈ B− with weights |w(b)|. Moreover, given a
minimizer t̄, each equilibrium price p̄ of the positive-bids auction at supply t̄ + s
is an equilibrium price for the “complete” auction.
Note that both B+ and |B− | are sets of positive bids, so the respective aggregate
valuations can both be evaluated using the linear program above.
Also consider two additional SSPMAs: that with bids B+ and target t + s,
which we call the “positive auction”; and that with (positive) bids |B− | and
target s, which we call the “negative auction”. Initially set s = s̄, which means
that p is an equilibrium price for both the positive and negative auctions.
Consider the effect of changing p on the weighted sum of bids accepted in
these two auctions. Recall that the full set B of positive and negative bids in
the original SSPMA is valid. So for any price at which additional negative bids
are marginal to be accepted, positive bids with at least as great a weight must
also be marginal to be accepted–see the discussion of validity of B at the end of
Section 2.1. (The converse does not hold: positive bids can be marginal at prices
at which no negative bid is marginal.) So, any change in price from p would alter
the total weight of bids accepted in the positive auction by weakly more than it
would alter the total weight of bids accepted in the negative auction.
Now consider an increase in one coordinate of the supplementary bundle,
from s̄ to s ≥ s̄, in both the positive and negative auctions. The additional bids
that will be accepted in the positive auction with target t + s will, because of our
observation above, have weakly greater value than the additional bids accepted
in the negative auction. That is, vB+ (t + s) − vB+ (t + s̄) ≥ v|B− | (s) − v|B− | (s̄).
Similarly, if we decrease one coordinate to s ≤ s̄, then bids which are now rejected
from the positive auction will have weakly lower value than the bids rejected from
the negative auction. So now vB+ (t+ s̄)−vB+ (t+s) ≤ v|B− | (s̄)−v|B− | (s). General
changes in s may be understood as a sequence of these two operations.
It follows that vB+ (t + s) − v|B− | (s) is minimised at s = s̄.

4

The Pricing Algorithm

In our new problem formulation for the pricing problem we need to minimise
the difference of two concave functions vB+ (t + s) − v|B− | (s) in order to find the
aggregate valuation vB (t) and to compute equilibrium prices. While the functions
vB+ and v|B− | can efficiently be evaluated with linear programs at any given
point, our problem lacks convexity, which suggests that global minimisation of
it is difficult. It has recently been shown, that we cannot hope for an efficient
generic algorithm minimising problems like ours - minimising the difference of
two M \ -convex functions is an NP-hard optimisation problem [20]. However,
there is a class of algorithms that find at least local minima of such problems
and are often very fast in practice.
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Algorithm 1: A basic DC-algorithm
Input: Convex functions f, g : Rn → R
Output: Stationary point s̄ ∈ Rn of f − g
1: Choose an initial s0 ∈ Rn
2: for k = 0, 1, . . . do
3:
Choose q k ∈ ∂g(sk )
4:
Choose sk+1 ∈ ∂f ∗ (q k )
5:
if f (sk+1 ) − hq k , sk+1 i = f (sk ) − hq k , sk i then
6:
return sk
7:
end if
8: end for

4.1

A DC Auction Algorithm

The literature on global optimization has led to effective algorithms for solving
DC (difference of convex functions) programs [27, 28]. We leverage a basic DC
algorithm (Algorithm 1), which finds a stationary point for convex functions
f, g : Rd → R, that is, an x ∈ Rn with ∂f (x) ∩ ∂g(x) 6= ∅.
We apply the algorithm to the convex functions f (s) = −v|B− | (s) and g =
−vB+ (t+s). While we are guaranteed by [14] that this approach always converges
to a stationary point in some monotonic way (see Proposition 4), this stationary
point needs not be a global minimum of the problem. We overcome this problem
by checking if p is a local - and hence global - minimum of the Lyapunov function
L. If yes, we indeed found an equilibrium price. If not, we go one step in the
direction of steepest descent of the Lyapunov function and then restart the
DC-algorithm. This results in Algorithm 2, where we describe each step with
its economic interpretation. Note that we initialize the algorithm with a priceinstead of a supply-vector and consequently interchanged steps 3 and 4. This
makes possible restarts simpler as the Lyapunov function acts in price space.

Algorithm 2: DC auction algorithm
1: Choose an initial supply p0
2: for k = 0, 1, . . . do
3:
Choose a bundle sk+1 demanded at price pk in the negative-bids auction
4:
Choose a price vector pk at which t + sk is demanded in the positive-bids
auction
5:
if vB+ (sk+1 ) − hpk , sk+1 i = vB+ (sk ) − hpk , sk i then
6:
return (pk , sk )
7:
end if
8: end for
9: if there exists e ∈ ±{0, 1}n with L(pk+1 + e) < L(pk+1 ) then
10:
Restart the algorithm with p0 := pk+1 + e
11: end if
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Fig. 3. Comparison of running times using the Lyapunov approach (red) and our DC
approach (blue). Number of negative bids from left to right: 100, 500 and 2500.

The Lyapunov-descent step is crucial for our algorithm. While the “standard”
DC-scheme only provides a stationary point, we provably find a global minimum
and thus an equilibrium price with help of the Lyapunov function: The value of
vB+ (s+tk )−v|B− | (tk ) decreases at least by one in every iteration of the algorithm
and terminates by Lemma 2 if and only if the difference is a global minimum.
Since vB+ (s + t) ≥ 0 for all t ≥ 0, and v|B− | (t) is bounded from above (since
there are finitely many bids), the difference vB+ (s + t) − v|B− | (s) is bounded from
below. This shows that Algorithm 2 always terminates in an equilibrium price.
Theorem 2. Algorithm 2 always terminates in a Walrasian equilibrium price.
In literature, the DC algorithm 1 is sometimes called an algorithm-scheme
instead of a “real” algorithm, as it does not specify how to choose the elements of
the subgradients in steps 3 and 4, and which elements from the subgradients to
choose. For our application, we implemented the steps in the following way. Let
us first consider step 4 of Algorithm 2, where we have to choose an equilibrium
price pk for the positive auction. As described in the beginning of Section 3,
this can be done by solving a simple linear program. In step 3, we must do
the converse: Given a price vector p, we need to find a bundle requested in the
negative auction. While this can also be done via a similar linear program, the
SSPMA bid language makes this problem even simpler: As described in Section
2.2, in an auction with only positive bids, we can find a demanded bundle by
just adding arbitrary demanded bundles for every bid b. This in turn amounts
to finding a good i maximising bi − pi for each bid.
4.2

Experimental Evaluation

We implemented both, the DC auction algorithm and a steepest descent algorithm based on the Lyapunov function. Both of them are very effective solving
even large problems in milliseconds. In our experimental evaluation we draw on
an algorithm by [3] to generate positive and negative bids. All our instances
consist of exactly 10, 000 bids in total. We varied the number of different types
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of goods between 2 and 30, and the proportion of negative bids between 1% and
25%. In realistic settings, we expect bidders to place very few negative bids to
express special types of preference, like the one in Example 1, so the number of
negative bids should be at the lower and of that scale. We generated the random
target supply in the following way: Let ∆ be the set of all bundles that are in
the aggregate demand for some non negative price vector. This can be shown
to be (the integer points of) a scaled standard simplex. From this simplex, we
choose the target supply t uniformly at random. The Lyapunoiv approach and
the restart step in the DC algorithm require the minimization of a submodular
function. As in [4], we use the Fujishige-Wolfe algorithm [10], which in practice
often outperforms other submodular minimization algorithms. In Figure 3, we
present some of our results. In all our experiments, we observe the following: For
a small number of goods, the DC- and the Lyapunov approach perform similarly.
With an increasing number of goods, however, the Lyapunov approach gets increasingly outperformed by the DC-approach. While the Lyapunov approach is
not significantly influenced by the number of negative bids, the DC algorithm
becomes slightly slower when more negative bids are involved, but is still significantly faster than the Lyapunov approach for larger numbers of goods. Our full
experimental data, as well as our code, will be provided upon request.

5

Conclusions

We contribute to an established stream of literature on substitutes valuations,
which has received significant attention in algorithmic game theory and microeconomics recently [6, 18, 19, 24, 25]. We introduce a bid language that allows to
describe precisely those valuations that are strong substitutes. The SSPMA bid
language with negative bids allows expressing substitutes valuations in a compact way. Our theoretical analysis allows for a new way to compute Walrasian
prices via DC programming. Our experiments show that our approach outperforms the steepest descent approach in realistic scenarios. The analysis provides
a fresh look at an old but important topic at the intersection of economics and
computation.
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Additional Proofs

Most of our proofs rely on the fact that strong substitutes valuations can be
treated within the theory of discrete convex analysis, and coincide with so-called
M \ -concave functions. Discrete convex analysis allows us to apply useful tools
from the usual “continuous” convex analysis to discrete functions and to extend
our discrete functions to convex functions on Rn in a natural way. For a survey
on discrete convex analysis, we refer to [22].
The following Proposition tells us that with Product-Mix bids, we can assign
a “non-trivial” value to Ω(|B|n ) bundles, where B is the set of bids and n the
number of different types of goods, and is thus much more compact than - say
- listing valuations for all bundles explicitly.
Proposition 3. Consider a Product-Mix auction with n different types of goods.
Suppose
S a bidder places bids B with bi > 0 for
P all b ∈ B and i = 1, . . . , n. Let
D := {DB (p) : p ∈ Rn , pi > 0 ∀i} and w = b∈B w(b). Then |D| = n+w
≥
n
(1+w/n)n . In particular, if the bidder additionally chooses the bids in a way that
w(b) = 1 for all b ∈ B and no indifference hyperplanes intersect in an n − 1
≥ (1 + |B|/n)n
dimensional set, her price complex consists of exactly n+|B|
n
UDRs.
P
Proof. We claim that D = {x ∈ Zn≥0 :, i xi ≤ w} = Zn ∩
conv{0, we1 , . . . , wen } = w∆∩Zn , where ∆ is the standard simplex in dimension
n, spanned
by 0 and the standard unit vectors ei . Since w∆ contains exactly

n+w
integer points [8, Theorem 2.2], the result follows. Let D̄ = conv D. By the
n
strong substitutes property, D = D̄ ∩ Zn≥0 , so it suffices to show that D̄ = w∆.
To that goal we note that if we set pi = 1/2 and pj very large for j 6= i,
D(p) = {wei }, since every bid b is allocated with w(b) items of good i and the
total weight of all bids is w. Also, for a very large price (in every coordinate)
p, DB (p) = {0}. Consequently, D̄ ⊇ w∆. To see the reverse inclusion, note that
any demanded bundle cannot contain strictly more than w items, as some bid
would have to be allocated with more than w(b) items otherwise. Now if all bids
have weight 1 and do not intersect in any n − 1-dimensional plane, every bundle
in D is uniquely demanded at some price, implying
the second statement. The

k
lower bounds come from the basic inequality m
≥
(m/k)
.
t
u
k
Proof (of Proposition 1). We place the following bids:
1. For all F with |F | = 3 and F c is a cycle in G, place a bid bF with w(bF ) = 1.
2. For all F constituting a cycle of length 4, place a bid bF with w(bF ) = 1.
3. For all F with |F | = 5 place a bid bF with w(bF ) = −1.
4. Place a bid bF with w(bE ) = 2.
P
Here, bF denotes the bid bF = i∈F ei . To check that these bids indeed represent the correct valuation function r, we consider the indirect utility
X
ur (p) = max r(S) −
pi .
S⊂{1,...,6}

i∈S
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1

3
6
2

Fig. 4. The considered valuation function r is defined on the subsets of edges {1, . . . , 6}.
The value of S ⊂ {1, . . . , 6} is equal to the cardinality of a maximal cycle free subset
it contains.

and check that it is equal to the indirect utility ub (p) generated by our bids for
all pF ∈ {0, 1}6 where F ⊂ E. We observe that ur (pF ) = r(F c ). Also, the bid
with values q D is accepted, if and only if D \ F 6= 0. For price vectors pF with
|F | < 3, all bids are accepted, since every placed bid has positive values for at
least 3 goods. There are 4 bids of type 1, 3 bids of type 2, 6 bids of type 3 and
1 bid of type 4. In total, we get
ub (pF ) = 4 · 1 + 3 · 1 + 6 · (−1) + 1 · 2 = 3.
On the other hand, one can see from Figure 4 that every subset containing at
least 4 edges contains a cycle free subset of cardinality 3, and there is not cycle
free subset with more than 3 elements. Consequently, ur (pF ) = r(F c ) = 3.
Now consider pF with |F | = 3. Obviously, all bids on more than 3 edges get
accepted. A bid on q D with D = 3 is rejected, if and only if F = D. In this case,
E \ F is a cycle, so ur (pF ) = r(F c ) = 2. We then also clearly have ub (pF ) = 2.
On the other hand, if no bid is rejected, E \ F is cycle free, so ur (pF ) = r(F c ) =
3 = ub (pF ).
Next, suppose |F | = 4, so ur (pF ) = r(F c ) = 2, because 2 edges cannot form a
cycle. If F is a cycle of length 4, one bid of type 2 is cancelled. In that cases, F c
consists of two non adjacent edges. Consequently, there is no e ∈ F such that
{e} ∪ F c is a cycle. Equivalently, for no F̃ ⊂ F with |F̃ | = 3 we have that F̃ C
is a cycle, so no bid of type 1 is cancelled, and ub (pF ) = 2. On the other hand,
if F is no cycle of length 4, F c consists of two adjacent edges. Thus, there is a
unique e ∈ F with {e} ∪ F c being a cycle, so a single bid of type 1 is cancelled,
which means that again ub (pF ) = 2.
Concerning |F | = 5, since the graph is complete, we can assume by symmetry
that F = {1, 2, 3, 4, 5}. Then the bids q D with
D ∈ {{1, 2, 5}, {3, 4, 5}, {1, 2, 3, 4}, F }
are cancelled, and ub (pF ) = 2 · 1 + 2 · 1 + 5 · (−1) + 1 · 2 = 1 = r(F c ) = ur (pF ).
Finally, for F = E, all bids are cancelled, so ub (pF ) = ur (pF ) = 0.
We have shown that for all p ∈ {0, 1}6 , ub (p) = ur (p). For general p ∈ Zn , let
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P
P = {i : pi ≥ 1} and N = {i : pi ≤ −1}. Then ur/b (p) = ur/b (pP ) − i∈N pi , so
ub = ur on Zn . Consequently, by discrete conjugacy, the valuation represented
by the bids is equal to the matroid rank function r.
t
u
The proof of Theorem 1 is basically an application of the Toland-Singer duality
theorem.
Theorem 3 (Toland-Singer duality [14]). Let f : Rd → R ∪ {∞} and
g : Rp → R be convex and set Y := {y ∈ Rd : g ∗ (y) < ∞}. Then
inf f (x) − g(x) = inf g ∗ (y) − f ∗ (y)
y∈Y

x∈Rd

(1)

if a minimizer for the problem on the left-hand side exists. Moreover, when x̄
minimises f (x) − g(x), any ȳ ∈ ∂g(x̄) minimises g ∗ (y) − f ∗ (y). Conversely, for
any minimizer ȳ of g ∗ (y) − f ∗ (y), any x̄ ∈ ∂f ∗ (ȳ) minimises f (x) − g(x).
So we prove indeed the following “extended version” of Theorem 1.
Theorem 1’ Minimising vB+ (s+t)−v|B− | (s) is the Toland-Singer dual to minimising the Lyapunov function and is equal to the aggregate valuation of all bids
B = B+ ∪ B− at s:
vB (s) = min vB+ (t + s) − v|B− | (t) = min L(p)
t≥0

p≥0

Moreover, given a minimizer s̄, each equilibrium price p̄ of the positive-bids auction at supply t + s̄ is an equilibrium price for the “complete” auction.
If we want to apply Toland-Singer duality to f = −v|B− | and g = −vB+ , we
must circumvent the minor technical problem that for some negative values of
t, both vB+ (s + t) and v|B− | (t) are equal to −∞ and ∞ − ∞ is undefined
Lemma 1. Let v : Rn → R ∩ {+∞} a valuation function defined by a finite set
B of bids. Then for any P ∈ Rn≥0 there exists a convex function ṽ : Rn → R with
the following properties:
1. ṽ ≥ vB .
2. For all s ≥ 0, ṽ(s) = vB (s).
3. For all p ∈ Zn with p ≤ P , ũ(p) = uB (p).
Proof. Let uB be the indirect utility associated with vB . By duality and discrete
convexity, vB (s) = minp∈Zn≥0 uB (p) + hp, si for all s ∈ Rn . Let p0 ∈ Zn≥0 be large
enough such that vB (0) = uB (p0 ), set P̄ = max{P, p0i } and define C = {p ∈
Rn≥0 : p ≤ P̄ }. Now define ṽ(s) = minp∈C u(p) + hp, si. Note that since u(p) +
χp∈C is L\ -convex, ṽ is M \ -concave on Zn or, equivalently, strong-substitutes.
Let us check properties (i)-(iii):
1. Obvious.
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2. By definition, at p0 , the empty bundle is requested. It is well-known, that
for any other bundle s ≥ 0, there exists p ≤ p0 at which s is requested (this
is for a example a consequence of the correctness of the descending auction
of [1]). In other words, there is some p ∈ C with vB (s) = u(p) − hp, si = ṽ(s).
3. This follows from ũ(p) = u(p) + χp∈C and the fact that uB (p) = +∞ if p
has a negative component.
t
u
Proof (of Theorem 1’). We want to apply Theorem 3 to f (t) = −v|B− | (t) and
g(t) = −vB+ (s + t). However, if ti < −si for some i, g(t) = −∞, so this theorem
cannot be applied directly. To solve this problem, note that there is some P ∈
Zn≥0 with uB+ (P ) = u|B− | (P ) = 0 (just choose P very large). By Lemma 1, there
exists a convex function ṽ : Rn → R, such that (i) ṽ ≥ vB+ , (ii) ṽ(s) = vB+ (s) for
all non-negative s and (iii) ũ(p) = uB+ (p) for all p ≤ P , where ũ is the indirect
utility of ṽ. Let us apply Theorem 3 to f and g̃. Since for t ∈ Rn with some
negative component f (t) = +∞, and for t ≥ 0 we have g(t) = g̃(t), the left-hand
side of Equation 1 is equal to
min f (t) − g(t) = min vB+ (s + t) − v|B− | (s).
t≥0

t≥0

It can be checked that f ∗ (q) = u|B− | (−q) and it is also easy to see that g̃ ∗ (q) =
ũ(−q) − hq, si. Substitung p = −q, the right-hand side of Equation 1 becomes
inf ũ(p) + hp, si − u|B− | (p)

p≥0

because ũ(p) = +∞ for all p with some negative component. As a direct
consequence of submodularity and the choice of P , we have moreover that
uB+ (p) = uB+ (p ∧ P ) = ũ(p ∧ P ) and u|B− | (p) = u|B− | (p ∧ P ). This shows
that we can write the right-hand side of Equation 1 as
min uB+ (p) − u|B− | (p) + hp, si.
p≥0

The function to be minimised is exactly the Lyapunov-function L(p). Finally,
to show that the minimisation problem gives the aggregate valuation vB (s) of
the aggregate demand, let p̄ be a minimiser of the Lyapunov function L. One
can check that L(p̄) = −u∗ (−s) which is by duality equal to vB (s). Since the
minimum value of the Lyapunov function equals the minimum of the difference
vB+ (s + t) − v|B− | (t), the result follows.
t
u
We now prove Theorem 2. First, we note that the DC-algorithm has the following
properties.
Proposition 4 (Horst and Thoai [14]). Algorithm 1 has the following properties
1. If the algorithm terminates with y k , xk , we have that xk ∈ ∂g ∗ (y k ) ∩ ∂f ∗ (y k )
and y k ∈ ∂f (xk ) ∩ ∂g(xk ). In particular, xk and y k are stationary points of
the respective problems.
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2. The sequences f (xk ) − g(xk ) and g ∗ (y k ) − f ∗ (y k ) are strictly monotonically
decreasing. Furthermore, f (xk ) − g(xk ) ≤ g ∗ (y k ) − f ∗ (y k ) and g ∗ (y k+1 ) −
f ∗ (y k+1 ) ≤ f (xk ) − g(xk ).
The following lemma shows that we can always restart the DC algorithm from
a computed stationary point.
Lemma 2. Suppose that in Algorithm 2 the termination criterion in line 5 is
met with supply s and a price vector p. Then there exists a descent direction
e ∈ ±{0, 1}n of the Lyapunov function at pk . If we restart the algorithm with
p̃0 := p + e, we have for all elements (p̃k , s̃k ) of the new sequence that vB+ (s +
t̃k ) − v|B− | (t̃k ) < vB+ (s + t) − v|B− | (t) and L(p̃k ) < L(p).
Proof (of Lemma 2). If the algorithm terminates with p and t, then −p ∈
∂(−vB+ )(s + t) ∩ ∂(−v|B− | )(t) by Proposition 4. Consequently, by duality,
uB+ (p) = vB+ (s + t) − hp, s + ti and u|B− | (p) = v|B− | (s) − hp, si. Thus,
vB+ (s + t) − vB− (t) = uB+ (p) − u|B− | (p) + hp, si = L(p).
Since p is assumed to be no equilibrium price, by Theorem 3 it follows that L(p)
is not minimal. This implies the existence of a descent direction e ∈ {0, 1}n ∪
{0, −1}n with L(p + e) < L(p) by L\ -convexity of L [22]. Restart the algorithm
with p̃0 = p + e. By property (ii) of Proposition 4,
vB+ (s + t̃k ) − v|B− | (t̃k ) ≤ uB+ (p̃0 ) − uB− (p̃0 ) + hp̃0 , si = L(p̃0 ) < L(p)
for all k.
This completes the proof of Theorem 2.

t
u

